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ABSTRACT 

The general seven-dimensional maximal supergravity is presented. Its uni- 
versal Lagrangian is described in terms of an embedding tensor which can 
be characterized group-theoretically. The theory generically combines vector, 
two-form and three-form tensor fields that transform into each other under 
an intricate set of nonabelian gauge transformations. The embedding tensor 
encodes the proper distribution of the degrees of freedom among these fields. 
In addition to the kinetic terms the vector and tensor fields contribute to 
the Lagrangian with a unique gauge invariant Chern-Simons term. This new 
formulation encompasses all possible gaugings. Examples include the sphere 
reductions of M theory and of the type IIA/IIB theories with gauge groups 
SO(5), CSO(4,l), and SO(4), respectively. 
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1 Introduction 



Over recent years it has emerged that the structures of supergravity theories with a 
maximal number of supercharges are far richer than originally anticipated QjJ |2l El H] • 
Maximal supergravities are obtained as deformations (gaugings) of toroidally compact- 
ified eleven-dimensional supergravity by coupling the initially abelian vector fields to 
charges assigned to the elementary fields. Two features have proven universal in the 
construction of these theories. First, in dimension D = 11 — d it is the global symme- 
try group G = Ejji(rf) of the toroidally compactified theory which not only organizes the 
ungauged theory but also its possible deformations. The gaugings are parametrized 
in terms of a constant embedding tensor B. When treating this embedding tensor as 
a spurionic object that transforms under G, the Lagrangian and transformation rules 
remain formally invariant under G. Consistency of the theory can then be encoded in 
a number of representation constraints on G. 

Second, the gaugings generically involve p-form tensor fields together with their 
dual D — p — 2 forms. For the ungauged theory it is known that in order to exhibit 
the full global symmetry group G all tensor fields have to be dualized into forms of 
lowest possible rank — employing the on-shell duality between antisymmetric tensor 
fields of rank p and of rank D — p — 2. In contrast, the generic gauging combines 
p-form fields together with their duals which come in mutually conjugate G represen- 
tations. The specific form of the embedding tensor in a particular gauging encodes 
the proper distribution of the degrees of freedom among these fields. Together, this 
gave rise to a universal formulation of the maximal supergravities in various space-time 
dimensions P3 121 ED E] , ca Pturing all possible supersymmetric deformations in a mani- 
festly G-covariant way. Although most of this formalism has been established for the 
global symmetry groups G = of the maximal supergravities the structures are not 
restricted to maximal supersymmetry and similarly underlay the theories with lower 
number of supercharges. 

In this paper we realize this program for the maximal D = 7 case. The ungauged 
maximal supergravity in seven dimensions possesses a global E 4 ( 4 ) = SL(5) symme- 
try This theory is formulated entirely in terms of vector and two-form tensor 
fields, transforming in the 10 and the 5 representation of SL(5), respectively. The first 
gaugings in D = 7 were constructed in [HI Ej with semisimple gauge groups SO(5), 
SO(4, 1), and SO(3, 2). Notably, the SO(5) theory corresponds to compactification of 
D = 11 supergravity on the sphere S 4 . Instead of the two-forms these theories feature 
five massive selfdual three-forms. Selfduality ensures that the three-forms carry the 
same number of degrees of freedom as massless two-forms and thus the total number 
of degrees of freedom is unchanged as required by supersymmetry [HJ. Global SL(5) 
invariance is manifestly broken in these theories. That this is not the full story can 
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readily be deduced from the fact that for instance none of these gaugings describes the 
maximal theories expected to descend from the ten-dimensional type IIA/IIB theories 
by compactification on a three-sphere S 3 . Indeed, in j2j the bosonic part of a theory 
with non-semisimple gauge group CSO(4, 0, 1) was constructed and shown to describe 
the (warped) S 3 compactification of type IIA supergravity. This theory combines a 
single massless two-form with four massive selfdual three-forms, thus giving rise to yet 
another distribution of the degrees of freedom. Other theories, such as the maximal 
SO (4) gauging expected from the type IIB reduction with only two-form tensor fields 
in the spectrum had not yet even been constructed. Different gaugings in seven dimen- 
sions thus seem to appear with different field representations according to how many 
of the two-form tensor fields have been dualized into three-form tensors. This circum- 
stance together with the fact that every dualization appears to manifestly break the 
global SL(5) symmetry of the ungauged theory, has hampered a systematic analysis of 
the seven- dimensional gaugings. 

The formalism we will adopt in this paper in contrast is flexible enough to comprise 
all different gaugings in a single universal formulation. In accordance with the general 
scheme explained above it employs vector fields and two-form tensor fields together 
with three-form tensor fields transforming in the 5 representation of SL(5). Duality 
between two-form and three-form tensor fields arises as an equation of motion from 
the universal Lagrangian. The gauging is entirely parametrized by means of a constant 
embedding tensor O which carries the structure of a 15+40 representation of SL(5) and 
describes the embedding of the gauge group Go into SL(5). When the embedding tensor 
transforms according to this representation, the full Lagrangian and transformation 
rules remain formally SL(5) invariant. Only after freezing the embedding tensor to a 
constant, i.e. choosing a particular gauging, the global symmetry is broken down to 
the gauge group G C SL(5). 

The embedding tensor describes the minimal couplings of vectors to scalars while at 
the same time its components in the 40 and the 15 representation are precisely tailored 
such as to introduce additional Stiickelberg type couplings between vector and two-form 
tensors and between two-form and three-form tensors, respectively. Altogether, the 
embedding tensor defines a set of nonabelian gauge transformations between vector and 
tensor fields which ensures that the full system always describes 100 degrees of freedom 
as required by maximal supersymmetry. The precise form of a given embedding tensor 
determines which fields actually participate in the particular gauging and how the 
degrees of freedom are distributed among them. As particular applications of this 
universal formulation we recover the known seven-dimensional gaugings as well as a 
number of new examples. In particular, we obtain the maximal theory with compact 
gauge group SO (4) that is expected to describe the (warped) S 3 reduction of type IIB 
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supergravity. 

This paper is organized as follows. In section El we introduce the embedding ten- 
sor for seven-dimensional maximal supergravity and discuss its SL(5) representation 
constraints and their consequences. In particular, the embedding tensor parametrizes 
the extension of the abelian vector /tensor system of the ungauged theory to a system 
combining vector, two-form and three-form tensor fields and their nonabelian gauge 
invariances. This is presented in section El together with the possible gauge invariant 
couplings in seven dimensions, in particular a novel Chern-Simons type term involving 
all these fields. In section|Uwe discuss properties of the scalar coset space SL(5)/SO(5) 
and define the so-called T-tensor which is naturally derived from the embedding tensor 
and encodes the extra coupling of the scalars to the fermions that are added in the 
process of gauging. The main results of this paper are presented in section El where we 
give the universal seven- dimensional Lagrangian and the supersymmetry transforma- 
tion rules, both parametrized in terms of the embedding tensor. Finally, in section H3 
we illustrate the general formalism with a number of representative examples. Some 
technical details of the computations are relegated to three appendices. 



2 The embedding tensor 

The global symmetry group of the ungauged seven- dimensional theory is = SL(5). 
Its 24 generators t M ^ are labeled by indices M, N = 1, . . . , 5 with t M M = and satisfy 
the algebra 



.M ,p 



The (abelian) vector fields A^ N = A\^ IN ^ of the ungauged theory transform in the 
representation 10 of SL(5), so that 5Aff N = 2Ap' M A^ P . The two-form tensor fields 
BnvM transform in the 5 representation. 

A gauging is encoded in a real embedding tensor Qmn,p Q = ®[mn],p Q which iden- 
tifies the generators Xmn = X[mn\ of the gauge group Go among the SL(5) generators 
according to 

Xmn = ®mn,p Q t P Q . (2.2) 

It acts as a projector whose rank equals the dimension of the gauge group up to central 
extensions. Covariant derivatives take the form 

Djj, = W,-gA^ N Q MN ^t p Q , (2.3) 

where we have introduced the gauge coupling constant g. In our construction we will 
treat the embedding tensor as a spurionic object that transforms under SL(5), so that 
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the Lagrangian and transformation rules remain formally SL(5) covariant. The em- 
bedding tensor can then be characterized group-theoretically. When freezing Qmn,p 
to a constant, the SL(5)-invariance is broken. It has emerged in the recent studies of 
maximal supergravity theories that consistency of the gauging is typically encoded in 
a set of representation constraints on the embedding tensor [HI21E] : a quadratic one 
ensuring closure of the gauge algebra and a linear constraint imposed by supersymme- 
try. We start presenting the latter. A priori, the embedding tensor Qmn,p q in seven 
dimensions is assigned to the 10® 24 representation of SL(5). Decomposing the tensor 
product 

10® 24 = 10 + 15 + 40 + 175, (2.4) 

supersymmetry restricts the embedding tensor to the representations 15 + 40 jSlE], 
as we will explicitly see in the following. It can thus be parametrized by a symmetric 
matrix Y MN = Y {MN) and a tensor Z MN ' P = Z^ MN ^ P with Z^ MN ^ = as 

G>MN,P Q = ^\M^N]P ~ ZtMNPRS Z RS '® . (2.5) 

The gauge group generators ()2.2|) in the 5-representation then take the form 

{Xmn)p Q = @a/at,p Q = $\m ^N]P ~ Zcmnprs Z rs ' q . (2.6) 

For the gauge group generators in the 10-representation (X mn ) P q RS = 2(X mn )^ p ' lR 5q 
we note the relation 

(Xmn)pQ RS + {Xpq)mN RS = 2 Z RS,T d,T,[MN][PQ] , (2.7) 

where we have defined the SL(5) invariant tensor g?t,[mat][pq] = ^tmnpq m accordance 
with the general formulas of jlj, see also appendix^! Furthermore, we note the identity 

(X MN ) P Q + 2dp^MN][RS]Z RS,Q — ^[m^jvip ■ (2-8) 

In addition to the linear representation constraint whose explicit solution is given 
by (|2.5|) . a quadratic constraint needs to be imposed on the embedding tensor in order 
to ensure closure of the gauge algebra. This amounts to imposing invariance of the 
embedding tensor itself under the action of the gauge group: 

(Xmn)pq TU ®tu,r S + (Xmn)r T ®pq,t S — (Xmn)t S ©PQ,i? T = 0. (2.9) 
Using the explicit parametrization of ()2.5|) these equations reduce to the conditions 

Y MQ Z qn ' p + 2e MRSTU Z RS > N Z TU > P = 0, (2.10) 
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for the tensors Ymn and Z MN,P . In terms of SL(5) representations these quadratic 
constraints have different irreducible parts in the 5, the 45, and the 70 representation. 
In particular, they give rise to the relations 

Z MN > P Y PQ = 0, Z MN ' P X MN = 0, (2.11) 

where in the second equation, Xmn is taken in an arbitrary representation. In fact, the 
second equation of (|2.11|) already carries the full content of the quadratic constraint. 
Yet another (equivalent) version of writing the quadratic constraints (|2.10j) is 



Xmn, Xpq 



— {Xmn)pq RS Xhsi (2-12) 



for the generators Xmn in an arbitrary representation. This shows the closure of 
the gauge algebra. The (X M n)pq RS encode the structure constants of this algebra, 
although by virtue of (|2.7J) and the second equation of (|2.11|) they are antisymmetric 
only after contraction with the embedding tensor. Similarly, the Jacobi identities are 
satisfied only up to extra terms that are proportional to Z MN,K and thus also vanish 
under contraction with the embedding tensor. We will come back to this in the next 
section. 

Summarizing, a consistent gauging of the seven- dimensional theory is defined by 
an embedding tensor Omn,p® satisfying a linear and a quadratic SL(5) representation 
constraint which schematically read 

(Pio + Pi7 5 )e = o, 
(Ps + PsB + p^ee = o. (2.i3) 

The first of these equations can be explicitly solved in terms of two tensors Ymn 
and Z M ' leading to (|2.5|) ; the quadratic constraint then translates into the con- 
ditions ()2.10j) on these tensors. In the rest of this paper we will demonstrate that 
an embedding tensor solving equations ()2.13|) defines a consistent gauging in seven 
dimensions. 



3 Vector and tensor gauge fields 

We will for the gauged theory employ a formulation which apart from the vector fields 
Af? N contains the two- form tensors B pu M and the three- form tensor fields S¥, p , the 
latter transforming in the 5 of SL(5). The components of the embedding tensor Qmn,p 
will project onto those fields that are actually involved in the gauging. In particular, the 
three-form tensors S^f vp appear always projected under Ymn- The combined vector and 
tensor gauge invariances together with a topological coupling of the three-form tensors 
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will ensure that the number of physical degrees of freedom will remain independent of 
the embedding tensor. The latter will only determine how the degrees of freedom are 
distributed among the vector and the different tensor fields. In particular, at Qmn,p Q = 
one recovers the ungauged theory of ^ which is exclusively formulated in terms of 
vector and two-form tensor fields. The identities (J2.1(Jj) and their consequences (|2.11|) . 
()2.12|) prove essential for consistency of this construction. 

Already in the previous section we have encountered the fact that the "structure 
constants" (Xmn)pq rs of the gauge algebra (j2.12j) are neither antisymmetric nor sat- 
isfy the Jacobi identities. Both, antisymmetry and Jacobi identities are satisfied only 
up to terms proportional to the tensor Z MN,P , i.e. up to terms that vanish upon con- 
traction with the embedding tensor, cf. (j2.11|) . As a consequence, the nonabelian field 
strength of the vector fields 

K N = 2 ^Xr + 9(Xp Q )rs MN A^A« s , (3.1) 

does not transform covariantly under the standard nonabelian vector gauge transfor- 
mations 5Aff N = D /Jl A MN . 1 Consistency requires the introduction of the modified field 
strength 

n$ MN = + gZ MN ^B, uP , (3.2) 

where the gauge transformation of the two-forms B f m will be chosen such (cf. ()3.8j) 
below) that H^l MN transforms covariantly 

5Hf u MN = -gA PQ (X PQ ) RS MN H$ RS . (3.3) 

Similarly, the fields strength of the two-form tensor fields B pu M is modified by a term 
proportional to the three-form tensor fields [I] 

KIm = ZD [IX B MM + Qe MNPQR Aff(d u Af + 2 -gX ST ^A™ A s p f) + gY MN S» p . 

(3.4) 

As g — ► one recovers from this expression the abelian field strength ?>d^B Vf ^ M + 
6cmnpqrA^ p d v AH R of the ungauged theory 0. Again, gauge transformations of the 
three-forms S pup will be chosen such (cf. (I3.8|) below) that TC^ pM transforms covariantly 

*«£U = gA NP (X NP ) M Q H® pQ . (3.5) 



1 Covariant derivatives here and in the following refer to the SL(5) index structure of the object 
they act on, i.e. 



D,A MN = d,A MN +gX PQ , RS MN A^A 

etc. 
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To determine the proper transformation behavior of the tensor fields, we first note the 
variation of the modified field strengths (|3.2j) . (|3.4|) under arbitrary variations of the 
vector and tensor fields: 



Sn WMN = 2D[ ^ (M M) + gZ MN,P AB ^ p 

<m = 3DUAB up]M ) + 6e MNPQR H® NP AA% R + gY MN AS» p , (3.6) 
where here and in the following it proves useful to define the "covariant variations" 
AAf N = 5Af N , 

ABpw = bB^M — ^mnpqrA^ SA®, r , 

Y MN AS^ up = Y MN (SS^ UP - W^pSA™ + 2e PQRST Af p p A® R SA s p ^ . (3.7) 

In terms of these, we can now present the full set of vector and tensor gauge transfor- 
mations: 

AAl IN = D,A MN -gZ MN ' p E, P , 

AB^M = 2D[ M H„]Af — 2€mnpqr H^ NP A QR — gY M N^ v , 
Ymn AS", = Y MN <3D^ p] - 3H® NP Z p] P + H% P A PN ) , (3.8) 

with gauge parameters A MN , E^m, and corresponding to vector and tensor gauge 
transformations, respectively. Indeed, one verifies with ()3.6|) . ()3.7|) that the transforma- 
tions (|3.8J) induce the proper covariant transformation behavior of the modified fields 
strengths ()3.3|) . (|3.5J) . The quadratic identities ()2.11|1 play a crucial role in this deriva- 
tion. 2 As g — > one recovers from ()3.8)1 the vector and tensor gauge transformations of 
the ungauged theory Switching on the gauging induces a covariantization d — > D, 
2d A — > H, etc. of the formulas together with the shifts gZ MN ' p E pP and gY MN Q pu in 
the transformation laws of the vector and tensor fields, respectively. It is a nontrivial 
check of consistency that all the unwanted terms in the variation can precisely be ab- 
sorbed by such shifts proportional to the components of the embedding tensor (J2.5j) . 
This action of the tensor gauge transformations eventually allows to eliminate some 
of the vector and tensor gauge fields by fixing part of the gauge symmetry. We will 
discuss this in more detail in section IB~T1 

It is straightforward to verify that the gauge transformations (J3.8|) consistently close 

2 The gauge transformations t\'d. 8fl differ from the general formulas derived in 0] by a redefinition 
of the tensor gauge parameters which strongly simplifies the expressions and in particular allows to 
cast them into the covariant form l|3.7[) . (|3.8() . We give the explicit translation in appendix 1X1 
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into the algebra 



[6s 1 M)=8*, ( 3 - 9 ) 



with 



A A ^ = gX PQtRS MN A^A™ 
e (\ NP n \® R \ Np n \Q R 

"/iM — CMNPQR i^Vi^ — A 2 i^Al 



with all other transformations commuting. 

Let us further note that the modified field strengths ()3.2|) . ()3.4|) satisfy the following 
deformed Bianchi identities: 

n nj(2)MN 1 r?MN,Pnj(3) 

U \ i i n v P \ - V P p ' 

D T/W - 3 ^ nj(2)NP^,{2)QR 1 y -1/(4) JV / qln \ 

^ rt ^A]A/ - i^-mnpqr rt {iiV n pX] + -gr M N rt^px , to.lUJ 

which will be important in the following. The last term on the r.h.s. of is 
the covariant field strength of the three-forms, defined as 

Ymn 7~t^lp\ = Ymn {^ D [p S^ pX] + §F[p„B pX]P + 3gZ NP ' Q B [fluP B pX ] q 

(3.11) 

such that it transforms covariantly under gauge transformations. As the three-form 
tensors will appear only under the projection with Ymn, it is sufficient to only define 
their field strength under that same projection. 

A natural question concerns the possible gauge invariant couplings of the vector 
and tensor fields in the Lagrangian. Due to the covariant transformations (J3.3|) . (|3.5|) 
it is obvious that gauge invariant couplings can be obtained by properly contracting 
the modified field strengths (|3.2j) . ([3.4)1 . E.g. the gauge invariant kinetic term for the 
two-form tensor fields is given by 

c oc M MN n { X M n^ p N , (3.i2) 
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where the metric Ai MN is a function of the scalar fields (explicitly defined in (|5.22|) 
below) that transforms covariantly under gauge transformations 

SM MN = -2gA PQ (X PQ )^ M M N)R . (3.13) 

Similarly, the gauge invariant kinetic term for the vector fields is given as 

£ oc M MP M NQ H$ MN H^ p Q , (3.14) 

with M. MP M. FN = Sm- In addition to these terms, there is a single unique topological 
term in seven dimensions that combines vector and tensor fields in such a way that it 
is invariant under the full set of nonabelian vector and tensor gauge transformations 
f!3.8|) up to total derivatives. It is given by 



gY MN Sf vp (p x S„ TR + -gZ NP ' Q B XuP B TK Q + 3J 7 Xa p B TKJ 



+ Ae PQRST A» p Ard T Af + ge PQRWX X ST , uv wx A{* p A% R Af A" 



uv 



+ 3gZ MN,F \D tl B up M)B\ (T nB tkP — -J r ^{ / N B p \MD cr B Tli N 
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>tkV 



+ l8e MNPQR ^/A» p (d x Ar + Z -gXs T ,u Q A pu A s a T ) B T 
+ 9ge MNPQR Z MV > w A» p (d u AQ p + l g X ST ^A RU A s p T ) B X(tV B tkW 



+ -jrtMPQTu £nrsvwA k * n A PQ 'A RS \d x A ru )(d T A^ w ) 
+ 8ge M pQRs £ntuzaXvw,xy ZA A p IN A PQ A T p v A^ ] A* d T A 

4 2 C . y- BCy- DE aMN aPQ aRS aTU aVW aXY aZA 

lj9 tMPQBC tNVWDE^RS,TU ^XY,ZA A p A v A p A x A a A T A K 

(3.15) 

As g — > this topological term reduces to the SL(5) invariant Chern-Simons term of 
the ungauged theory j^j. Upon switching on the gauging, gauge invariance under the 
extended nonabelian transformations (|3.8|) requires an extension of this Chern-Simons 
term which in particular includes a first order kinetic term for the three-form tensor 
fields S*f uo . Again these tensor fields appear only under projection with the tensor Yj 



A/TV- 



Under variation of the vector and tensor fields, the vector-tensor Lagrangian ()3.15|) 
transforms as 

1 



SC YT — — T7T e^ pXrjTK 
18 



V <iy( 4 ) M A qN , an _,(2)MNn,(3) » R 
IMN ripvpX ^i ffTK + bn pu ripXaM ^ B tkN 

- ZH% M Hfi N AAff N - total derivatives . (3.16) 
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in terms of the "covariant variations" (|3.7|) . With ()3.8|) one explicitly verifies that this 
variation reduces to a total derivative. To show this one needs the deformed Bianchi 
identities (13. 10 J) as well as the SL(5) relation 

4 M7 X Q r? ]s + 4 Mi X Q r? ]s + 4 Mi X Q rF = o , (3.i7) 

for arbitrary tensors Rf^ 3 = ^123 ■ 3 



4 Coset space structure and the T-tensor 

In this section we introduce the scalar sector of maximal seven-dimensional supergrav- 
ity which is described in terms of the scalar coset space SL(5)/SO(5). This allows to 
manifestly realize the global SL(5) symmetry of the ungauged theory while the local 
SO(5) ~ USp(4) symmetry coincides with the .R-symmetry of the theory. For the 
gauged theory we further introduce the T-tensor as the USp(4) covariant analog of 
the embedding tensor G. This tensor will be of importance later since its irreducible 
components naturally couple to the fermions, all of which come in representations of 
the .R-symmetry group. 



4.1 The SL(5)/SO(5) coset space 

The scalar fields in seven dimensions parametrize the coset space SL(5)/SO(5). They 
are most conveniently described by a matrix V G SL(5) which transforms according to 

V -> GVH(x) GeSL(5), H{x) e SO(5) , (4.1) 

under global SL(5) and local SO (5) transformations, respectively (see ^Hj for an in- 
troduction to the coset space structures in supergravity theories). The local SO (5) 
symmetry reflects the coset space structure of the scalar target space, the correspond- 
ing connection is a composite field. One can impose a gauge condition with respect to 
the local SO (5) invariance which amounts to fixing a coset representative, i.e. a mini- 
mal parametrization of the coset space in terms of the 14 = 24 — 10 physical scalars. 
This induces a nonlinear realization of the global SL(5) symmetry obscuring the group 
theoretical structure and complicating the calculations. It is therefore most convenient 
to postpone this gauge fixing till the end. 

In particular, the formulation ()4.1|) is indispensable to describe the coupling to 
fermions with the group SO(5) ~ USp(4) acting as the .R-symmetry group of the theory. 

3 In terms of representations, this is the statement that the threefold symmetric product of three 
10 representations of SL(5) does not contain a 5. 
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For USp(4) we use indices a, b, . . . = 1, . . . , 4 to label its fundamental representation. 
The USp(4) invariant symplectic form Q ab has the properties 

tt ab = 0[o6] (Qab)* = QabQ Cb = 81 ■ (4-2) 

The lowest "bosonic" USp(4) representations are defined in terms of the fundamental 
representation (□) with index structures according to 



1 : 




Vi 












5 : 


B 


y 5 ab 


= , 




= 0, 






10 : 


m 


v w ab 


= v 10 ^ , 










14 : 


BB 


rr ab 
V 14 cd 




t/ aft 
n.4 eft 


= 0, 


QabVl4 ab c d — 


= n cd v 14 ab cd , 


35 : 


LP 


T/ ab 
^35 cd 


— T/ [ ab ] 

— V35 (cd) , 


eft 


= 0, 


^abVss^cd = 


. (4.3) 



All objects in these representations are pseudoreal, i.e. they satisfy reality constraints 

{ViY = v 1 , (v 5 ab y = n ac n bd v 5 cd , (v 14 ab cd y = n ae n bf n c m dh v 14 ef gh , (4.4) 

etc. We use complex conjugation to raise and lower USp(4) indices. According to 
()4.4|) pseudoreal objects are defined such that their indices are equivalently raised and 
lowered using fl ab and fl ab . 

Under its subalgebra usp(4) the algebra sl(5) splits as 24 — ► 10 + 14 into its 
compact and noncompact part, respectively. The elements L = LM N t M n accordingly 
decompose as 

L ab cd = 2A [a [c ^ ] + Y, cd ab . (4.5) 

The SL(5) vector indices M are now represented as antisymmetric, symplectic traceless 
index pairs [ab] of USp(4). In accordance with (|4.3j) . A and E satisfy A[ a c Q b ^ c = 0, 
T, ab cb = 0, T, ab cd tt cd = = tt ab T, ab cd . Note that this in particular implies the relation 

^aA/£ 6j cd = ^ce^df^ ef ab , (4.6) 

i.e. viewed as a 5 x 5 matrix E is symmetric. In the split (|4.5|) . the commutator ()2.1|) 
between two elements L\ = (Ai, Ei), L 2 = (A2, S2) takes the form 

[L X ,L 2 ]=L, (4.7) 

with L = (A, E) according to 

Ab v- |C ' e V^ c V de V be I A c a b a ca 6 

a — ^1 ac 2 -^ de ~~ ^2 ac ^1 de + A l a Jl 2c — A 2 a il lc j 

E crf afc = - 2E 1 e t c a6 A 2 + 2E 1 cd e[a A 2b] e + 2^ c ab A, ^ - 2E 2 cd e[a A x fc] e . (4.8) 
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The scalars of the supergravity multiplet parametrize the coset space SL(5)/SO(5). 
They are described by an SL(5) valued matrix VM ab = Vm'^ with Vm" 1 "^ = 0. 
Infinitesimally, the transformations ([4.1)1 take the form 

5V M ab = L M N V N ab + 2V M c[a A c b] (x) , L e sl{5) , A(x) e usp(4) . (4.9) 

The gauged theory is formally invariant under SL(5) transformations only if the em- 
bedding tensor ([2.2)1 is treated as a spurionic object that simultaneously transforms 
under SL(5). Once is frozen to a constant, the theory remains invariant under local 
Go x USp(4) transformations 

5V M ab = gA PQ (x) X PQM N V N ab + 2V M c[a A c b] (^) , (4-10) 

parametrized by matrices A MN (x) and A a 6 (x), respectively. 
The inverse of Vm° 6 is denoted by V ab M , i.e. 

V M ab V ab N = 5" , V ab M V M cd = 5% - -V ab n cd . (4.11) 

Later on we need to consider the variation of V, for example in order to derive field 
equations from the Lagrangian or to minimize the scalar potential. Since V is a group 
element, an arbitrary variation can be expressed as a right multiplication with an 
algebra element of SL(5) 

5V M ab = V M cd L cd a \x) = V M cd Y 1 ab cd {x)-2V M c[a A c b \x) . 

Since the last term simply describes a USp(4) gauge transformation which leaves the 
Lagrangian invariant it will be sufficient to consider general variations of the type 

^V M ab = V M cd ^ ab cd{x) . (4.12) 

The 14 parameters of £ correspond to variation along the manifold SL(5)/SO(5). 

Finally, we introduce the scalar currents P M and that describe the gauge covari- 
ant space-time derivative of the scalar fields. Taking values in the Lie algebra st(5) 
they are defined as 

V ab M {d,V M cd - gA p Qx PQM N V N cd ) = P, ab cd + 2Qj c 5f ] , (4.13) 

in accordance with the split ([4.5)1 . The transformation behavior of these currents is 
derived directly from ()4.10|) and shows that they are invariant under local Go transfor- 
mations. Under local USp(4) transformations ([4.9)1 . P^ a b cd transforms in the 14, while 
Q^a transforms like a USp(4) gauge connection 

5Q, a b = D,A a b = V,A a b + Q, a c A c a - Q, c b A a c . (4.14) 
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Thus takes the role of a composite gauge field for the local USp(4) symmetry and as 
such it appears in the covariant derivatives of all objects that transform under USp(4), 
for example 

D^ a = v^ a -Q^y 

DP cd — V7 p cd , cyp. [cp d]e _ cyp. en cd 
J -^fi r vab yfi^uab i^^fie r v ab ^^%ii\a r vb\e 

D,V M ab = V,V M ab + 2Q^ a V^-gA^X PQM N V N ab = V M cd P, cd ab , (4.15) 
where ip a is an arbitrary object in the fundamental representation of USp(4). 

4.2 The T-tensor 

All bosonic fields of the theory come in representations of SL(5) while all fermionic 
fields come in representations of USp(4). The object mediating between them is the 
scalar matrix VM ab '■ E.g. it is convenient to define the USp(4) covariant field strengths 

n$* = V2n cd v,rv N bd n^ MN , n% ab = v^wgU > ( 4 - 16 ) 

which naturally couple to the fermion fields. More generally, the scalar matrix VM ab 
maps tensors Rm and S M in the SL(5) representations 5 and 5, respectively, into 
(scalar field dependent) tensors R\ a bh in the 5 of USp(4) as 

R[ab] = V ab M R M , SM = V M ab S M . (4.17) 

Similarly, tensors Rmn, S mn in the SL(5) representations 10 and 10, respectively, give 
rise to (scalar field dependent) tensors R( a b), in the 10 of USp(4) as follows 

R a b = v^2 Vt cd V ac M Vbd N Rmn & Rain = — V% VM ab VN cd ^[ a ^b][c^d] ^ e f j 

S ab = V2n cd V M ac V N bd S MN <£> S MN = -V2V ab M V cd N 5 [ ^ c 5f S ef , (4.18) 

where the normalization is chosen such that R a bS ab = RmnS mn . 

Applying the analogous map to the embedding tensor Qmn,p q (|2.5|) leads to the 
T-tensor [2] 

T { ef)[a b] [cd] = V2V M eg v N fh n 9h v p ab e M N,p Q v Q cd 

— V ZIL f)h V oi> I MN 

- 2V2 e MNPQR Z PQ > S V M eg V N fh V R ab V s cd W h . (4. 19) 

We shall see in the next section, that this tensor encodes the fermionic mass matrices 
as well as the scalar potential of the Lagrangian. This has first been observed for the 
T-tensor in the maximal D = 4 supergravity |llj . 



14 



Recall that the components Ymn and Z MN ' P of transform in the 15 and the 40 
of SL(5), respectively. Under USp(4) they decompose as 



15 + 40 



:i + 14) + (5 + 35) 



(4.20) 



Accordingly, the T-tensor can be decomposed into its four USp(4) irreducible com- 
ponents that we denote by B, B^- ab \ c ^ Cr &], and C^- ab \ c d), respectively, with index 
structures according to (|4.3|) . This yields 



cd _ 1 



b n nU fcsf - \b a f- fort + * n rtfl b* 



+ \ C a ( e S^Sf - \ C b{e 8 [ ^8f - |fi cd C a(e f2/) 6 + |fi cd C fe(e Slf) a 

+ J^ab C g [ e 8fl + |fi e [ a C cd b]f + |^/[a C^&Je + |^a6 C^ef ■ (4-21) 

In appendices |Bj O we present a more systematic account to these decompositions in 
terms of USp(4) projection operators which simplify the calculations. In particular, 
the parametrization 1)4.21)1 takes the compact form (jC.lj) . 

For the components Ymn an d Z MN ' P the parametrization f)4.21j) yields explicitly 



I MN — VM VN lab,cd 



with 



Z MN,P = ^2 Va M Vc N Ve P^d z{ ac)[e f ] 

1 r, 



Yab,cd — ^ 
1 

16 



(Q, ac £l bd — \^ab^cd) B + Q a e^bf ^ [cd] 



1 

16 



Z (ab)[cd] = J_Qa[c C d]b + ±_^b[c C d]a _ ^e^bffjcd^ ^ 

8 



(4.22) 



where C ab = Q ac Q bd C C( i- Note that and thus Ymn an d Z MN,P are constant matrices. 
In contrast, the T-tensor and thus the tensors B, C are functions of the scalar fields. 
It is useful to give also the inverse relations 



B 



-nab 

£> cd 



C ab 
t> cd 



V2, 



n ac n bd Y, 



ab.cd 



V2 \tt ae tt bf 5 9 c % - \ (8f d - |ft a6 ft cd ) tt e9 tt fh 
8Q cd Z {ac)lbd] , 

8 (-n ce n df sf h + n g{c s% e n fh ) . 



Y 



ef,gh > 



(4.23) 
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Under the variation (j4.12|) of the scalar fields, these tensors transform as 



<fe B 
<5s B ab cd 
<5 S C ab 

£ t> cd 



2 yiab D c <^ 
' k ^ cd -D ab 



O D vaft no/i V"7^ Daft i 2 / tab lnaiin \™f no/i 

-Z Jd Li C d — L gh 13* cd — IS cd 13 gh + ^{0 cd — j\l I led)*-' gh -D 



e/ > 



e/ > 



+ L ght- cd + L ghO^L** d)k 

T 't L l(c il d)k i ' 1 ( - y mn ~ 0^ c \L d j k \L Zj ; g O mn ■ 



(4.24) 



These variations will be relevant in the next section, since in the Lagrangian the tensors 
B, C appear in the fermionic mass matrices and in the scalar potential. Furthermore, 
one derives from (|4.24j) the expressions for the USp(4) covariant derivatives of these 
tensors 



Dfj,B ab cd 
D,C ah 

Dn,C ab cd 



2 p ab f>cd 
' 5 fj, cd ab 



-2BP, cd ab - P^ h ab B° h cd - P, c / h B ab gh + l{8 ab - {n^n^p^B^Kf , 
\ P, cd ab A cd + 2 Q^P^C cd ef , 



4 P, g{c b]h C d)h + Q 9[a 8 b \ P ud)a kh C kh + Q 9k 6t P^a b]h C, 



J d)h 



'(c t*d)g ^ kfi * "(c-'M' 



kh 



d)k 



+ 4 P^ l{c km Q d)k tt^ C b V mn - Si Q b]n P t 



L d)k 



(c iL d)k 



lilg 



km^-jgl 



(4.25) 



Since the T-tensor (j4.19|) is obtained by a finite SL(5)-transformation from the embed- 
ding tensor ()2.5|) . the SL(5)-covariant quadratic constraints (j2.10|) directly translate 
into quadratic relations among the tensors B, C. E.g. the first equation of (|2.11j) gives 
rise to 



n ce n df B + n Pn n fh B^ 



while the second equation yields 



y(ab)[cd] rp gh 
n 1 (ab) ef 



[cd] 



. 







(4.26) 



(4.27) 



These equations can be further expanded into explicit quadratic relations among the 
tensors B, C. We give the explicit formulas in terms of USp(4) projectors in ap- 
pendix O They are crucial to verify the invariance of the Lagrangian (|5.16|) presented 
in the next section. 

Let us close this section by noting that the T-tensor (|4.19|) naturally appears in 
the deformation of the Cartan-Maurer equations induced by the gauging. Namely, the 
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definition of the currents P^ and Q M ()4.13|) together with the algebra structure ()4.8|) 
gives rise to the following integrability relations 

1d\pQv\a + 2Qa[fi C Qv]c b = —1Pac[ii de Pv\de C ~ 9 'H^} ^ T(cd)[ae] > (4.28) 

D { ,p u]ab cd = - \gn$ ef (r (e/)H M + n c9 n dh n ai n bj T (e/)M ^) . 

The terms in order g occur proportional to the T-tensor. They will play an important 
role in the check of supersymmetry of the Lagrangian that we present in the next sec- 
tion. The fact that these equations appear manifestly covariant with the full modified 
field strength 7i^ cd on the r.h.s. is a consequence of the quadratic constraint ()4.27|) . 

5 Lagrangian and supersymmetry 

In this section we present the main results of this paper. After establishing our spinor 
conventions, we derive the supersymmetry transformations of the seven- dimensional 
theory by requiring closure of the supersymmetry algebra into the generalized vec- 
tor/tensor gauge transformations introduced in sectional We then present the univer- 
sal Lagrangian of the maximal seven-dimensional theory which is completely encoded 
in the embedding tensor 6. 

5.1 Spinor conventions 

Seven-dimensional world and tangent-space indices are denoted by fi, v, . . . and m,n, . . ., 
respectively, and take the values 1, 2, . . . , 7. Our conventions for the T-matrices in seven 
dimensions are 

{r m , r n } = 2r] mn (r m ) t = r m , (r m ) T = -cr^cr 1 (5.1) 

with metric of signature rj = diag(— 1, 1, 1, 1, 1, 1, 1) and the charge conjugation matrix 
C obeying 

C = C T = -CT 1 = -C ] . (5.2) 

We use symplectic Majorana spinors, i.e. spinors carry a fermionic representation of 
the i?-symmetry group USp(4) and for instance a spinor ip a (a = 1,...,4) in the 
fundamental representation of USp(4) satisfies a reality constraint of the form 

^ = O o6 CV\ (5.3) 
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fields 


e„ m 


ib a 


aMN 
A< 


\W M 


v a6c 
A 


K lVL 


little group SO (5) 


14 


16 


5 


10 


4 


1 


i?-symmetry USp(4) 


1 


4 


1 


1 


16 


5 


global SL(5) 


1 


1 


10 


5 


1 


5 


# degrees of freedom 


14 


64 


50 


50 


64 
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Table 1: The ungauged D = 7 maximal supermultiplet. 

where ip = ip^T . The following formula is useful as it captures the symmetry property 
of spinor products 4 

o r<*ty 6 = fi ac ^(c- 1 ) T (rW) T C0 c = (-i)I*(*+d n^n^r^p . (5.4) 

Products of symplectic Majorana spinors yield real tensors 

M a 4> a T»r & a r^r 4> a Y^ a etc. (5.5) 

Finally, the epsilon tensor is defined by 

5.2 Supersymmetry transformations and algebra 

The field content of the ungauged maximal supergravity multiplet in seven dimensions 
is given by the vielbein e^" 1 , the gravitino if)^, vector fields A^ N , two- form fields B M ^, 
matter fermions x abC i an d scalar fields parametrizing Vm q6 - Their on-shell degrees of 
freedom are summarized in Table ^ Note the symmetry in the distribution of degrees 
of freedom due to the accidental coincidence of the i?-symmetry group USp(4) and the 
little group SO (5). 

Under the i?-symmetry group USp(4) the gravitinos ip a transform in the fundamen- 
tal representation 4 while the matter spinors x abc transform in the 16 representation, 
i.e. 

X abc = X [ab]c , tt ab X abc = , X [abc] = • (5.7) 

All spinors are symplectic Majorana, that is they satisfy 

xL = n ad n be n cf c x def , ifc = n ab c^ , (5.8) 

in accordance with (|5.3j) . 

4 Note that our conventions differ from those of |S] in that they use 4> a = flab^i while in our 
conventions raising and lowering of indices is effected by complex conjugation <p a — (</> a )*. 
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We are now in position to derive the supersymmetry transformations. Parametriz- 
ing them by e a = e a (x) the final result takes the form 

oe„ = -e a r ^ , 

sv M ab = -^M cd (£i e[c e d]X abe + fi cd eex abe + n ce n df e gX ef[a n^ + -n ce n df n ab e gX ef9 ) , 

5x a6c = 2fi cd P Atde ai T' t e e - V2(H$ c[a r^e b] - - (Q a6 ^ - Q c[a 5 b g ] ) Q de H$ gd r^e e ^ 

- - (tt ad tt be H ( ^ p[de] r^ p e c - ^{Q ab Q cf + 4Q c[a Q b]f ) nfl p[fe ^ vp e^j 

+ gA d 2 ' abc Q de e e , (5.9) 

up to higher order fermion terms. We have given the result in terms of the covariant 
variations A(e) of the vector and tensor fields introduced in ()3.7|) . from which the bare 
transformations 5(e) are readily deduced. In the limit g — > the above supersymmetry 
transformations reduce to those of the ungauged theory pj. Upon switching on the 
gauging, the formulas are covariantized and the fermion transformations are modified 
by the fermion shift matrices Ai and A 2 defined by 

Af = -=( -BQ ab + -C ab ) , 

n ec n fd (c ab ef - B ab ef ) + -( c ab n cd + -n ab c cd + -n c ^ a c b]d ) , 

-"4 V 5 5 /J 

(5.10) 

in terms of the components of the T-tensor (|4.21jl . These will further enter the fermionic 
mass matrices and the scalar potential of the full Lagrangian (J5.16|) below. The coef- 
ficients in ()5.9|) are uniquely fixed by requiring the closure of the supersymmetry alge- 
bra into diffeomorphisms, local Lorentz and USp(4)-transformations, and vector/tensor 
gauge transformations (|3.8jl . In particular, the fermion shifts ()5.1(Jj) are uniquely deter- 
mined such that the commutator of two supersymmetry transformations reproduces the 



j^d,abc 1- 



2^/2 
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gauge 



aMJV A 



correct order g shift terms in the resulting vector/tensor gauge transformations (|3.8j) . 
Specifically, one finds for the commutator of two supersymmetry transformations 

[S(ex), 5(e 2 )) = + 5 Lorcntz (e mn ) + 6 vsm (k 6 ) + S gauge (a mn , ~ M „ • (5.11) 

Here, we denote by a covariant general coordinate transformation with parameter 
e, i.e. 

^Dfj, = + ^Lorcntz (e ""^ + <5lJSp(4) («a & ) + #g 

with the induced parameters 



(5.12) 



* mn 




k b - 








Sjw^ — 


Bmv^ — 


$M = 


_tp qM _ t, 



£mnpqr!; u A^ p AQ r 
°A h p IN B^ uN — ^ e NPC 



\NPaMQaRS 



(5.13) 



In addition to these transformations the right hand side of ()5. consists of general 
coordinate, Lorentz, USp(4), and vector/tensor gauge transformations with parameters 
given by 

1 



H p f ab) Q bc e 2a (T mnpq + SrTV 9 ) 4 + -^A ab ^ hc e 2a Y mn e\ 



5V2 



20V2 



—n {3) , M bc e 2c (T mnpqr + 9r] mp r] nq T r ) e? ^= 

15 pqr ^ V ; 1 l6v/2 



^e 2a r m "e a 



1 • 



A 



MN 



-A de T, 



(de)[ac 



[be] 



A/ 



with 



A 



u6 



2v/2 



e2 C ei 



6) 



(5.14) 



To this order in the fermion fields the fermionic field equations are not yet required for 
verifying the closure (|5.11j) of the algebra. Closure on the three-form tensor fields S 



M 
pup 



however makes use of the (projected) duality equation 

e- 1 e^ TK Y MN H { ^ K = 6 Ymn 1 L « v ab 

between two- and three form tensor fields. From (|3.6|) . ()3.12|) and (|3.16|) one may 
already anticipate that this equation will arise as a first order equation of motion from 
the full Lagrangian upon varying w.r.t. the Sj%, p . We will confirm this in the next 
section. Note that also this duality equation appears only under projection with Ymn- 



Q ac n bd V ah N n ( f} llup + fermionic terms , (5.15) 
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5.3 The universal Lagrangian 

We can now present the universal Lagrangian of gauged maximal supergravity in seven 
dimensions up to higher order fermion terms: 

e~ l c = -\r- n ac n bd n$ ab H {2)cd ^ - \w c n bd Hfl pab n^Z p - \p^ b cd P^ d ab 

- l -i,, a Y^D v r p ~ \x ab JPx abc ~ \p» ab cd n ce ^ d T^ x abe 



+ ^n% vp ( - n ac ^T [x T^r a] r b + ^x c r^ p T x x abc + -n ae Xcd eT^ p x cdb ) 
- IgAfskd^ft + \g4> abc n d eXa bc r^ 

+ -A= QflfiB + + B bc de - C bc de ) Xab cX ade 

+ -4 (155 2 + 2C ab C ab - 2B ab cd B cd ab - 2CW (cd) C [ab] W) 
+ e- 1 £ VT , (5.16) 
with the tensors A±, A2 from f)5.10j) and the topological vector-tensor Lagrangian from 

f UVpXcTTK, 



X 



gY MN Sf vp {p x S^ TR + -gZ NP ' Q B Xa pB TKQ + 3J r x fB TKP 

+ Ae PQRST ArArd T A s J + ge PQRWX X STjUv wx A» p ArA s T T A u K v 

9 

+ 3gZ MN > p (D p B upM ) B\ a nB tk p — B p \MDaB TK N 

+ 18e U NPQnF™A? p (d x A2* + \gX ST ,u Q A pu A s /)b tkV 
+ 9ge MNPQR Z MV ' w A N p p (d^ R + \gX ST ^ A pu Af ) B Xa v B tkW 



3* 

+ —£mpqtu e NRsvwA p IN A PQ Af s (d x A ru )(d T A^ w ) 

_L <Anc c Y ZA aMN aPQ aTU aVW aXYc, aRS 

+ ogeMPQRS £ntuza-^vw,xy A p A v A p A x A a o T A K 

4 2 £ c y- BCy DE aMN aPQ aRS aTU aVW aXY aZA 

— 7j9 tMPQBC tNVWDE^RS,TU ^XY,ZA A p A v A p A x A a A T A K 

This Lagrangian is the unique one invariant under the full set of nonabelian vec- 
tor/tensor gauge transformations ()3.8|) and under local supersymmetry transforma- 
tions (|5.9jl . Furthermore it possesses the local USp(4) invariance introduced in (|4.1jl . 
and is formally invariant under global SL(5) transformations if the embedding ten- 
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sor O is treated as a spurionic object that simultaneously transforms. With fixed B, 
the global SL(5) is broken down to the gauge group. 

In the limit g — > the three-form fields decouple from the Lagrangian, 

and (|5.1fi)l consistently reduces to the ungauged theory of 5J with global SL(5) sym- 
metry. Upon effecting the deformation by switching on g, derivatives are covariantized 

— > Dp and the former abelian field strengths are replaced by the full covariant 
combinations and from (|3.2|) . ()3.4|) . As discussed in section 4, the extended 
gauge invariance ()3.8j) moreover requires a unique extension of the former abelian topo- 
logical term which in particular includes a first order kinetic term for the three-form 
fields SjHl p . As a consequence, the duality equation (j5.15J) between the two-form and 
the three-form tensor fields arises directly as a field equation of this Lagrangian. This 
ensures that the total number of degrees of freedom is not altered by switching on the 
deformation and does not depend on the explicit form of the embedding tensor. 

In order to maintain supersymmetry under the extended transformations (|5.9|) . and 
in presence of the deformed Bianchi and Cartan-Maurer equations (|3.10p . (|4.28|) . the 
Lagrangian finally needs to be augmented by the bilinear fermionic mass terms in 
order g and a scalar potential in order g 2 . These are expressed in terms of the scalar 
field dependent USp(4)-components B, C of the T-tensor. Cancellation of the terms 
in order g 2 in particular requires the quadratic identities ([4.26)1 . ()4.27)h expanded in 
components in ()C.4j) . ()C.5|) . In particular, these identities give rise to 

\ A a,cde A — -[KA^A \ra (\ A f,cde a _-iKA^A \ (^M\ 

g^2 A 2b,cde i0/1 l A lbc — 4°b l^g^S /1 2/,cde L0/i l ^lcdj ■> 

featuring the scalar potential on the r.h.s. and needed for cancellation of the super- 
symmetry contributions from the scalar potential. Indeed, the scalar potential which 
contributes to the Lagrangian ()5.16|) in order g 2 may be written in the equivalent forms 

V = --L (15B 2 + 2C ab C ab - 2B ab cd B cd ab - 2C^ ab \ cd) C [ab] ^) 

= l\A 2 \ 2 -lb\A 1 \ 2 . (5.18) 
8 

Under variation of the scalar fields given by S^V M ab = Z ab cd V M cd the potential varies 
according to 

1 1 1 

= --B^ b \ cd] B^ d \ ef] ^f\ ab] + -5BM M EM H - -C^C [cd] ^ cd \ ab] 

+ ^H (e/) C N ^SH H - l -C^\ af) C^\ be) ^ ab \ cd] , (5.19) 

which in particular yields the contribution of the potential under supersymmetry trans- 
formations. Moreover, equation (|5.19j) is important when analyzing the ground states 
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of the theory since = is a necessary condition for a stationary point of the poten- 
tial. The residual supersymmetry of the corresponding solution (assuming maximally 
symmetric spacetimes) is parametrized by spinors e a satisfying the condition 

A 2a ,bcdt a = 0- (5-20) 

The gravitino variation imposes an extra condition 

2A lab e b = ±y/-V/15Q ab e b , (5.21) 

but the two conditions ()5.20j) and ()5.21|) are in fact equivalent by virtue of (j5.17J) . 5 

The full check of invariance of the Lagrangian f)5.16j) under the supersymmetry 
transformations ()5.9|) is rather lengthy and makes heavy use of the quadratic con- 
straints (|2.1(J|) on the embedding tensor and their consequences collected in appendix O 
as well as of the properties of the SL(5)/USp(4) coset space discussed in the previous 
section. We have given the Lagrangian and transformation rules only up to higher 
order fermion terms; however one does not expect any order g corrections to these 
higher order fermion terms, i.e. they remain unchanged w.r.t. those of the ungauged 
theory. 

Let us finally note that the bosonic part of the Lagrangian (j5.16J) can be cast into 
a somewhat simpler form in which the scalar fields parametrize the USp(4)-invariant 
symmetric unimodular matrix M.mn 

■M-MN = VM ab VN Cd QaStbd ■, (5.22) 

with the inverse M MN = (Mmn)- 1 = V ab M V cd N Q ac tt bd . The bosonic part of the La- 
grangian (J5.16J) can then be expressed exclusively in terms of USp(4)-invariant quanti- 
ties and takes the form 

e-^bosonic = -\r- M MP M NQ nf u MN n^ PQ -\m mn h% m h^ p 

+\{d,M MN ){d»M MN ) + e-^vT - 9 2 V , (5.23) 

o 

with the scalar potential 
V = ^(3X M ^/Xp Qi /^ A ^^^-X MPiQ ^X^, s M A<^^) 

+^ (x MN , R s X PQiT u M MP M N ^M RT Msu + X MPtQ N X NR>s M M p QM RS ) 

= 1 (2M MN Y NP M PQ Y QM - {M MN Y MN f) 

+ Z MN > P Z QR ' S (MmqMnrMps - Mm Q M N pM R s) . (5.24) 

5 More precisely, a solution of (|5.2U|) . I|5.21|l tensored with a Killing spinor of A0IS7 (or seven- 
dimensional Minkowski space, respectively, depending on the value of V) solves the Killing spinor 
equations Stp 1 ^ — 0, 5x ahc = obtained from (|5.9|) . 
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This is in analogy to the fact that the gravitational degrees of freedom can be described 
alternatively in terms of the vielbein or in terms of the metric. In particular, the scalar 
potential here is directly expressed in terms of the embedding tensor (|2.2J) properly 
contracted with the scalar matrix M. without having to first pass to the USp(4) tensors 
B, C. In concrete examples this may simplify the computation and the analysis of the 
scalar potential. Of course, in order to describe the coupling to fermions it is necessary 
to reintroduce V, the tensors B, C, and to exhibit the local USp(4) symmetry. 

6 Examples 

In this section, we will illustrate the general formalism with several examples. In par- 
ticular, these include the maximally supersymmetric theories resulting from M-theory 
compactification on S 4 jHJ E21 ECU E] , as well as the (warped) type IIA/IIB compacti- 
fications on S 3 which so far have only partially been constructed in the literature. 

In order to connect to previous results in the literature, we first discuss the possible 
gauge fixing of tensor gauge transformations depending on the specific form of the 
embedding tensor. In sections 16.21 and 16.31 we consider particular classes of examples 
in which the embedding tensor is restricted to components in either the 15 or the 40 
representation. Finally, we sketch in section 16.41 a more systematic approach towards 
classifying the solutions of the quadratic constraint (j2.1()j) with both Ymn and Z MN,P 
nonvanishing. Our findings are collected in Table 01 

6.1 Gauge fixing 

We have already noted in sectional that the extended local gauge transformations (|3.8j) 
allow to eliminate a number of vector and tensor fields depending on the specific form of 
the components Ymn and Z MN,P of the embedding tensor. More precisely, s = rankZ 
vector fields can be set to zero by means of tensor gauge transformations 5= of (|3.8jh 
rendering s of the two-forms massive. Here, Z MN ' P is understood as a rectangular 10 x 5 
matrix. Furthermore, t = rank Y of the two-forms can be set to zero by means of tensor 
gauge transformations 5$. The t three-forms that appear in the Lagrangian ()5.16|) 
then turn into selfdual massive forms. The quadratic constraint (J2.11J) ensures that 
s + t < 5. Before gauge fixing, the degrees of freedom in the Lagrangian (j5.16J) are 
carried by the vector and two-form fields just as in the ungauged theory (Table 
while the three-forms appear topologically coupled. After gauge fixing the distribution 
of these 100 degrees of freedom is summarized in Tabled In a particular ground state, 
in addition some of the vectors may become massive by a conventional Brout-Englert- 
Higgs mechanism. 



24 



fields 


4k 
ft 


4± dof 


massless vectors 


10 -s 


5 


massless 2-forms 


5- s-t 


10 


massive 2-forms 


s 


15 


massive sd. 3-forms 


t 


10 



Table 2: Distribution of degrees of freedom after gauge fixing. 



Let us make this a little more explicit. To this end, we employ for the two-forms 
a special basis Bm = (B x , B a ), x = 1, . . . , t; a = t+1, . . . , 5, such that the symmetric 
matrix Ymn takes block diagonal form, Y xy is invertible (with inverse Y xy ), and all 
entries Y xa , Y a p vanish. For the tensor Z the quadratic constraint (|2.10|) then implies 
that only its components 

are nonvanishing and need to satisfy 

Y xy Zy^ + 2e xMNPQ Z MN ' a Z p ^ = 0. (6.2) 

Gauge fixing eliminates the two-forms B x which explicitly breaks the SL(5) covariance. 
Supersymmetry transformations thus need to be amended by a compensating term 
5 ncw (e) = <5 old (e) + <!>(<&*). It is convenient to define the modified three-forms 

s; up = g ■y ,,, u;; urii = s^ p + e g - 1 Y^ evMNPQ A^ l, d v A^ 1 + ... , (6.3) 

which are by construction invariant under tensor gauge transformations and will ap- 
pear in the Lagrangian as massive fields. Their transformation under local gauge and 
supersymmetry is easily deduced from (|3.5j) 

s(A)s; up = -gY yz A x ys; up -A xa n% a -2Y-yz NP ' a e yNPQR A^ R n% a , 

-3g- % Y^ eyNPQRH^V^Vc^n^^e^ + \e e Y p]X eac ) 
Sg^Y** D { , [iSl ac e b T v r p] - \n ac n bd e e T up]X cde ) V y ah ) . (6.4) 

In the Lagrangian these fields appear with a mass term descending from the kinetic 
term of the modified field strength tensor Tippah = V a b a 'H p f}pa + gY xy V a b x S'j J lup and a 
first order kinetic term from the Chern-Simons term 

£vr = -\ge^» x °™Y xy S* up D x Sy TK + ... . (6.5) 
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The remaining terms in the expansion ()6.3|) in particular lead to terms A dA dA dA of 
order g~ x in the topological term which obstruct a smooth limit back to the ungauged 
theory. Indeed these terms have been observed in the original construction of the 
SO(p, q) gaugings Generically the gauge fixing procedure described above leads 
to many more interaction terms between vector and tensor fields than those that are 
known from the particular case of the SO(p, q) theories. 

6.2 Gaugings in the 15 representation: 

SO(_p, 5— p) and CSO(p, q, 5— p— q) 

As a first class of examples let us analyze those gaugings for which the embedding 
tensor O lives entirely in the 15 representation of SL(5), i.e. Z MN,P = 0, and the gauge 
group generators ()2.6j) take the form 

{X M n)p Q = tf M Y N]p . (6.6) 

In this case, the quadratic constraint (|2.1(Jj) is automatically satisfied, thus every sym- 
metric matrix Ymn defines a viable gauging. Fixing the SL(5) symmetry (and possibly 
rescaling the gauge coupling constant), this matrix can be brought into the form 

Y MN = diag(l, . . .,-1, . . . ,0, . . .) , (6.7) 

p q r 

with p + q + r = 5. The corresponding gauge group is 

G = CSO(p, q, r) = SO(p, q) x R^+"> r , (6.8) 

where the abelian part combines r vectors under SO(p,q). This completely classifies 
the gaugings in this sector. The scalar potential ()5.24|) reduces to 

V = ±(2M MN Y NP M PQ Y QM - (M MN Y MN f) . (6.9) 

From Table El one reads off the spectrum of these theories (s = 0, t = 5 — r): after 
gauge fixing it consists of 10 vectors together with r massless two-forms and 5 — r 
self dual massive three-forms. In particular, a nondegenerate Ymn ij = 0) corresponds 
to the semisimple gauge groups SO(5), SO(4, 1) and SO(3, 2) that have originally been 
constructed exclusively in terms of vector and three- form fields jHJ U\ ■ 

The SO (5) gauged theory has a higher-dimensional interpretation as reduction of 
D — 11 supergravity on the sphere S 4 [121 EH Hl|- Accordingly, its potential (j6.9j) 
admits a maximally supersymmetric AdSy ground state. The theories with CSOQo, q, r) 
gauge groups are related to the compactifications on the (noncompact) manifolds H p,q o 
T r |15j . These are the four- dimensional hypersurfaces of M 5 defined by 

Y MN v M v N = l, v M G K 5 . (6.10) 
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A particularly interesting example is the CS0(4, 0, 1) theory which corresponds to the 
S 3 compactification of the ten-dimensional type IIA theory. The bosonic part of this 
theory has previously been constructed in In order to derive its scalar potential 
from (J6.9j) it is useful to parametrize the coset representative V as 

V = e bmtm V A e* t0 , (6.11) 

where V4 is an SL(4)/SO(4) matrix and t , t m denote the SO(l, 1) and four nilpotent 
generators, respectively, in the decomposition SL(5) — ► SL(4) x SO(l, 1). For the 
matrix M. this yields a block decomposition into 

/ e~ 2 * M + e 8<f> b b e 8 * b \ 

< / I ° lv± mn ~ u m u n ° u m \ /r> -tn\ 

MN = { e » K e s* J < 6l2 > 

with M = V 4 V^. Plugging this into HU) with Y MN = diag(l, 1, 1, 1, 0) yields the 
potential 

V = ie 4(4 (2M m \ fe MX-(M™U 2 ), (6.13) 

(where M m kM kn = 5^) in agreement with The presence of the dilaton pref actor 
e 4< ^ shows that this potential does not admit any stationary points, rather the ground 
state of this theory is given by a domain wall solution corresponding to the (warped) 
S* 3 reduction of the type IIA theory |9| IT6]. 

We can finally determine all the stationary points of the scalar potentials (|6.9|) in 
this sector of gaugings. The variation of the potential has been given in ([5. 19)1 . Since 
2?mn,p _ tensors C ab , C^- ab \ c d) vanish such that requiring = reduces to 

the matrix equation 

2B 2 -5B = i Tr(2B 2 -BB)I 5 , (6.14) 

for the traceless symmetric matrix B = B^- ab \ c ^ where I5 denotes the 5x5 unit matrix. 
According to ()4.23|) B is related by V2Y = B + BI 5 to the matrix Y = Y[ ab ^[ cd ]. 
Fixing the local USp(4)-invariance the matrix B can be brought into diagonal form. 
Equation 1)6.14)1 then has only three inequivalent solutions 

B oc diag(0, 0, 0, 0, 0) =^ Y = diag(l, 1, 1, 1, 1) , 
B oc diag(l, 1, 1, 1, -4) =^ Y = 2~ 1/5 diag(l, 1, 1, 1, 2) , 
B oc diag(l, 1, 1, -3/2, -3/2) Y = diag(0, 0, 0, 1, 1) . (6.15) 

The first two solutions correspond to the SO (5) and the SO (4) invariant stationary 
points of the theory with gauge group SO (5) |7j. The third solution is a stationary 
point in the CSO(2,0,3) gauged theory. We will come back to this in section IB~4l and 
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show that it gives rise to a Minkowski vacuum related to a Scherk-Schwarz reduction 
from eight dimensions. 

Analyzing the remaining supersymmetry of these vacua we note that in this sector 
of theories oc Q ab . According to (|5.21jl thus supersymmetry is either completely 
preserved (A/" = 4) or completely broken (Af = 0). Only the first stationary point 
in (I6.15|) preserves all supersymmetries: this is the maximally supersymmetric AdSy 
vacuum mentioned above. 

6.3 Gaugings in the 40 representation: 

SO(p,4-p) and CSO(p, q, 4-p-q) 

Another sector of gaugings is characterized by restricting the embedding tensor to the 
40 representation of SL(5), i.e. setting Y MN = 0. These gaugings are parametrized by 
a tensor Z MN,P for which the quadratic constraint (j2.1()j) reduces to 

e MRS TuZ RS > N Z TU > p = 0. (6.16) 

Rather than attempting a complete classification of these theories we will present a 
representative class of examples. Specifically, we consider gaugings with the tensor 
Z MN ' P given by 

Z MN,P = V [M W N]P ; (61?) 

in terms of a vector v M and a symmetric matrix w MN = w^ MN \ This ansatz automat- 
ically solves the quadratic constraint (j6.16|) and thus defines a class of viable gaugings. 
The SL(5) symmetry can be used to further bring v M into the form v M = 5^f intro- 
ducing the index split M = (i, 5), % — 1, . . . , 4. The remaining SL(4) freedom can be 
fixed by diagonalizing the corresponding 4x4 block w l i 

w ij = diag(l, . . . , -1, . . . ,0, . . .) . (6.18) 

p q r 

For simplicity we restrict to cases with w t5 = w 55 = 0. The gauge group generators 
then take the form 

(Xy)fc' = 2e ijkm w ml , (6.19) 

and generate the group CSO(p, q, r) with p + q + r = 4. According to Table El these 
theories contain only vector and two- forms, 4— r of which become massive after gauge 
fixing. The scalar potential is obtained from (|5.24jl and in the parametrization of ()6.11|) 
takes the form 

V = \e x ^ b m w mk M kl w ln b n + (2 M mn w nk M kl w lm - (M mn w mn ) 2 ^) . (6.20) 
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A particularly interesting case is the theory with r = and compact gauge group 
SO (4). The existence of this maximal supergravity in seven dimensions was antici- 
pated already in [XJj in the context of holography to six- dimensional super Yang-Mills 
theory. Indeed, its spectrum should consist of vector and two-form tensor fields only 
(cf. Table IV in [18J). Its higher-dimensional origin is a (warped) S 3 reduction of type 
IIB supergravity. Again, this is consistent with the fact that due to the presence of the 
dilaton prefactor the potential ()6.2(j|) in this case does not admit any stationary points 
but only a domain wall solution. So far, only the M = 2 truncation of this theory had 
been constructed [EH ED], in which the scalar manifold truncates to an GL(4)/SO(4) 
coset space and only a single (massless) two-form is retained in the spectrum. 

In analogy to the discussion of the last section it seems natural that the other 
CSO(j», q, r) gaugings in this sector are related to reductions of the type IIB theory 
over the noncompact manifolds H p,q o T r . In particular, the potential ()6.2()j) of the 
CSO(2, 0, 2) theory admits a stationary point with vanishing potential. This is related 
to the Minkowski vacuum obtained by Scherk-Schwarz reduction from eight dimensions 
as we will discuss in the next section. 

6.4 Further examples 

We will finally indicate a more systematic approach towards classifying the general 
gaugings with an embedding tensor combining parts in the 15 and the 40 representa- 
tion. To this end, we go to the special basis introduced in section 16.11 in which the 
only nonvanishing components of the embedding tensor are given by 

Y xy , Z x{a ' p) , Z a ^ , (6.21) 

with rank Y = t, and the range of indices x, y — 1, . . . , t and a, (3 = t+1, . . . , 5 . Further 
fixing (part of) the global SL(5) symmetry, the tensor Y xy can always be brought into 
the standard form 

Y xy = diag(l, . . . , -1, . . .) . (6.22) 
p <? 

The possible gaugings can then systematically be found by scanning the different values 
of t, p, and q, and determining the real solutions of the quadratic constraint (|6.2|) . We 
will in the following discuss a (representative rather than complete) number of examples 
for the different values of t. A list of our findings is collected in Table El 

t = 5 

From (|6.21j) one reads off that a nondegenerate matrix Ymn implies a vanishing tensor 
Z MN ' P . Thus we are back to the situation discussed in section IB~2l The possible gauge 
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groups are S0(5), S0(4,l), and SO(3,2). 



t = 4 

The quadratic constraint ()6.2|) implies that also in this case the tensor Z M ' entirely 
vanishes. These gaugings are again completely covered by the discussion of section l6~2*l 
with possible gauge groups CSO(4, 0, 1), CSO(3, 1, 1), and CSO(2, 2, 1). 



t = 3 

Now we consider the cases Y MN = diag(l, 1, ±1, 0, 0). In this case the tensor Z may 
have nonvanishing components for which the quadratic constraint ()6.2|) imposes 

e xyz Zy^e jS Z zS ^ = \Y xu Z ua >? . (6.23) 

For Z — 0, these gaugings have been discussed in section 16.21 with possible gauge 
groups CSO(3, 0, 2) and CSO(2, 1, 2). There, gauge group generators take the form 

L M N = ( ® xa ) , A* G R , Q xa G R , (6.24) 

V ^2x3 ^2x2 J 

where (t z ) x y = e zyu Y ux denote the generators of the adjoint representation of the 
semisimple part so(p, 3— p) and the Q xa parametrize the 6 nilpotent generators trans- 
forming as a couple of 3 vectors under so(p, 3— p). The components Z a ^ a are not 
constrained by ()6.23j) and may be set to arbitrary values Z a " a = e a/3 t> 7 parametrized 
by a two-component vector v a without altering the form ()6.24|) of the gauge group. 
For the remaining components Z xa,/3 , equation ()6.23|) shows that the 2x2 matrices 
(£*)</ = -16e aj Z x ^ satisfy the algebra 

[L x , E y ] = 2e xyu Y uz S 2 , (6.25) 

i.e. yield a representation of the algebra so(3) or so(2, 1), respectively, depending on 
the signature of Y uz . A real nonvanishing solution of ()6.23j) thus can only exist in the 
50(2, 1) sector, i.e. for Y MN = diag(l, 1, -1, 0, 0). It is given by Z xa ^ = - i e" 7 (S x ) 7 /3 
with the H x expressed in terms of the Pauli matrices as 

S 1 = a 1 , S 2 = a 3 , S 3 = io 2 , (6.26) 

and providing a real representation of so (2, 1). In this case, the gauge group generators 
schematically take the form 

Lm N = ( X J %V * I , (6-27) 

U2x3 
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such that the semisimple part so(2, 1) is embedded into the diagonal. The nilpotent 
generators Q xa now transform in the tensor product 3 <8> 2 = 2 + 4 of so(2, 1) and 
moreover turn out to be projected onto the irreducible 4 representation. Compared 
to (jfi.24j) . the gauge group thus shrinks to 

so(2,1)k! 4 . (6.28) 

Again, further switching on Z Q/3 ' 7 does not change the form of the algebra. None of 
the theories in this sector possesses a stationary point in its scalar potential. 



t = 2 

In the case Y MN = (1,±1,0,0,0) only the Z aP ^ components are allowed to be nonzero 
in order to fulfill the quadratic constraint ()6.2j) . These components can be parametrized 
by a traceless matrix Zj 3 as 

z *P,i = i^zf . (6.29) 
For this solution the gauge generators take the form 

L M N = ( X y ) , XeR, Q/el, (6.30) 

y 3x2 XZoT J 

where t 2 = (^zpio) denotes a generator of so(2) or so(l, 1), respectively, and Q x a 
parametrizes a generically unconstrained block of six translations. Thus, generically 
the gauge group Go in this case is seven- dimensional, namely either Go = SO (2) k IR 6 
or Go = SO(l, 1) ix R 6 . The number of independent translations is reduced in case the 
equation 

t 2 Q-QZ = 0, (6.31) 

has nontrivial solutions Q. In this case, the gauge group shrinks to Go = SO(2) x W or 
Go = SO(l, 1) x 1R S , with s = 4,5. The scalar potential in this sector can be computed 
from ()5.24j) and takes the form 

V = i (2Tr [Y 2 ] - (Tr Y f + 2 (detM a p) Tr [Z 2 ]) , (6.32) 

in terms of the matrices Y x y = Y xz M zy and Z a @ = Z^Ms^M 613 . Here, M xy and 
A4 a /3 denote the diagonal blocks of the symmetric unimodular matrix defined in ()5.22j) . 
and M. CL1 MP 1 ^ = 8@. Since the matrix Y x y has only two nonvanishing eigenvalues, this 
potential is positive definite. In particular, this implies that V = is a sufficient 
condition for a stationary point. It further follows from (|6.32j) that V only vanishes for 
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Y x y oc 8 X V and Z^Ais)^ = 0, i.e. for compact choice of £2 and Z. With vanishing Z or 
vanishing t 2 one recovers the Minkowski vacua in the CSO(2, 0, 3) and the CSO(2, 0, 2) 
theory, respectively, discussed in sections lfi~2l and IB~3l above. 

In turn, every compact choice of £2 and Z defines a theory with a Minkowski vacuum 
in the potential. The gravitino masses and thereby the remaining supersymmetries at 
this ground state are determined from the eigenvalues of A\ a b (j5.21|) according to 

ml = — !— (l ± \I--TtZ 2 . (6.33) 
± 1600 V V 2 J K 1 

Half of the supersymmetry [M = 2) is thus preserved iff TrZ 2 = —2. With (|6.31|) one 

finds that precisely at this value the rank of the gauge group decreases from 7 down 

to 5; the group then is CSO(2, 0, 2). 

All the gaugings in this sector have a well defined higher- dimensional origin, namely 

they descend by Scherk-Schwarz reduction [21] from the maximal theory in eight 

dimensions. Indeed, Scherk-Schwarz reduction singles out one generator from the 

SL(2) x SL(3) global symmetry group of the eight-dimensional theory [22]- With the 

seven- dimensional embedding tensor branching as 

Y: 15 -+ (3,1) + (2, 3) + (1,6), 

Z: 40 - (l,3) + (l,8) + (2,l) + (2,3) + (2,6) + (3,3) , (6.34) 

a Scherk-Schwarz gauging corresponds to switching on components (3, 1) + (1, 8) in the 
adjoint representation of SL(2) x SL(3). This precisely amounts to the parametrization 
in terms of matrices Y xy , Zj* introduced above. We have seen that for compact choice 
of t 2 and Z, the potential ()6.32|) admits a Minkowski ground state as expected from the 
Scherk-Schwarz origin. Moreover, we have shown that for a particular ratio between 
the norms of t 2 and Z, this ground state preserves 1/2 of the supersymmetries. 

t = 1,0 

As £ becomes smaller, the consequences of the quadratic constraint (j6.2j) become more 
involved. We refrain from attempting a complete classification in this sector and refer 
to the examples that we have discussed in sections 16.21 and 16.31 above. 

7 Conclusions 

In this paper we have presented the possible deformations of maximal seven- dimensional 
supergravity. They are described by a universal Lagrangian (|5.16J) that combines vec- 
tor, two-form and three-form tensor fields transforming in the 10, 5, and 5 represen- 
tation of SL(5), respectively. The Lagrangian is invariant under an extended set of 
nonabelian gauge transformations as well as under maximal supersymmetry. 
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Table 3: Examples for gaugings of D = 7 maximal supergravity. 

The gaugings are entirely parametrized in terms of an embedding tensor which 
describes the embedding of the gauge group G into SL(5). At the same time, its 
irreducible components in the 40 and 15 representation of SL(5) induce Stiickelberg 
type couplings between two-form fields and the vector fields and between the three- 
form and the two-form fields, respectively. Altogether this gives rise to an extended 
vector/tensor system subject to a set of nonabelian gauge transformations (|3.8|) which 
ensures that the total number of degrees of freedom is independent of the specific form 
of the embedding tensor as required by supersymmetry. Upon choosing a specific 
and possibly fixing part of the tensor gauge symmetry, the degrees of freedom are 
properly distributed among the different forms. This universal formulation thus ac- 
commodates theories with seemingly rather different field content. This completes the 
seven- dimensional picture which neatly fits the pattern realized in other space-time 
dimensions PEHSHH- 

As particular examples we have recovered in this framework the known seven- 
dimensional gaugings as well as a number of new examples. Some of these theories 
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have a definite higher-dimensional origin, such as the Scherk-Schwarz and sphere com- 
pactifications. In eight space-time dimensions, the possible compactifications of D = 11 
supergravity on three-manifolds have been analyzed in [2H] and matched with the corre- 
sponding gauged supergravities. It would be very interesting to extend this analysis to 
the seven- dimensional case, in particular providing a higher-dimensional origin for all 
the theories collected in Table El More ambitiously, one may aim at understanding the 
role of the full embedding tensor which parametrizes the different seven- dimensional 
gaugings directly in the eleven-dimensional theory. For the four-dimensional gaugings 
in which B generically transforms in the 912 representation of the duality group E7( 7 ) 
this has been achieved in a few sectors [2U 122] where particular components of G have 
been identified with internal fluxes and twists. Extending this correspondence to the 
full representation of the embedding tensor might in particular elucidate the possible 
role of the duality groups in eleven dimensions. 
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Appendix 

A General vector/tensor gauge transformations 

In this appendix we briefly summarize the results of jl] on the general form of vec- 
tor/tensor gauge transformations in arbitrary space-time dimensions and translate 
them into a more convenient basis. Generically vector fields and two-form tensor 
fields transform in different representations of the symmetry group G of the ungauged 
theory. In this appendix, we label the vector representation A^ 1 by indices M, N, . . . , 
the tensor representation B^ uI by indices I, J, ... , and the adjoint representation of 
G by indices a, (3, ... . In particular, the embedding tensor (|2.2|) characterizing the 
gauging in general has the index structure A j a . 

The two-form tensor fields B^i generically transform in an irreducible component 
of the symmetric tensor product of two vector representations with an explicit relation 

X(mn) P — d I MfiZ p ' 1 . (A.l) 

Here, X^^ p = ®fy a ~t a N P generalizes (|2.2jl with the jj = LieG generators t a , and 
encodes the "structure constants" of the gauged theory while d T ^ is a G-invariant 
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tensor projecting the symmetric vector product onto the tensor field representation. 
The tensor Z M,/ represents a component of the embedding tensor and equation (IA.1I) 
can be taken as its definition. In seven dimensions, this equation takes the specific 
form (|2.7jl discussed in the main text, with the <i-symbol provided by the e-tensor. The 
three-form fields generically appear with index structure S pup j M , i.e. they take values 
in the tensor product of vector and two-form tensor representations. More specifically, 
they appear under projection Y l A y J Sj M with the tensor 

^i,m = + 2 dj^ft Z Ny} . (A. 2) 

In the maximal seven- dimensional theory, with vector fields transforming in the 10 and 
two- form tensors in the 5, equation ()2.8j) states that the tensor Y I ^ J reduces to 

Yk,[mn] L = $[m Yn]k > ( A -3) 

in terms of the component Ymn of the embedding tensor (|2.5|l . This implies that the 
three-form tensors S pup L MN always appear projected according to Yk\mn\ l Sl MN = 
Ynk Sm mn = Y NK S N and reflects the fact that the three-form fields in seven dimen- 
sions transform in the representation 5 dual to the two-form tensor fields. 

Generic vector and tensor gauge transformations are most conveniently described 
in terms of the "covariant variations" introduced in ()3.7j) in the main text 

AB pvl = 5B^ I ~2d lM A [ /5A u] Q , 
AS^i* = SS^i* - 3 B k jM/ - 2d lM A [ / 4 A/ 5A p] ® , (A.4) 
and given by 

A A* = D^-gZ^E.j, 

AB puI = 2D b £„ ]I -2d lM A p H™-gY lM J ®^j £l , 
AS» vpI m = 3D^ mj * + 3?(W*Em + A*H<Xi, (A.5) 
with gauge parameters A M , § pv i M , arid the covariant field strengths 
= 2d [p A/ I + gX m ^A/A/ + gZ^ I B puI , 

ft^upi = 3 D \ii B vp\ i + 6 d i,MN A [p M (d v A p] N + \gX { p^ N A v p A p ] Q ) 

+ gY lM J S pupJ lCl , (A.6) 
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The formulas of jl] are recovered from (jA.4j) . ()A.5|) by modifying the gauge parameters 
E M j, ®i,ui M according to 

- _ ^ " _ W ~ . 4 <§ 

^ + A [ / I E u]I + A* I B, uI -ld lM A p A [ / I A u fi. (A.7) 

The covariant variations (jA.4j) appear naturally in the variation of the covariant field 
strengths (jA.6|) as 

6H (2)M = 2D [fl (AA/ I )+gZ^ I AB, l/I} 

8n® pI = SC^A^],) + 6d /iM H^ AiZ + jF./A^/ . (A.8) 

Similarly, we have shown in the main text that the variation of the topological term (j3.16|) 
also comes in terms of the covariant transformations (|A.4|I . The advantage of formu- 
lating the gauge transformations (|A.5|) in the new basis thus is that they keep the 
variation of the Lagrangian manifestly covariant. 



B USp(4) invariant tensors 

We label the fundamental representation of USp(4) by indices a, b, . . . running from 1 
to 4. The lowest bosonic representations of USp(4) have been collected in (14.3)1 built 
in terms of the fundamental representation. In particular, the 5 representation is given 
by an antisymmetric symplectic traceless tensor VJ;^ 6 ', objects in the 10 are described 
by a symmetric tensor Vw^ ab \ etc. 

In this appendix we introduce a number of USp(4) invariant tensor which explicitly 
describe the projection of USp(4) tensor products onto their irreducible components 
and derive some relations between them. All of these tensors are constructed from the 
invariant symplectic form Vl^ and the relations that they satisfy can be straightfor- 
wardly derived form the properties of Q a b. We have used these tensors extensively in 
the course of our calculations, while the final results in the main text are formulated 
explicitly in terms of Q a b. 

On the 5 and 10 representation of USp(4) there are nondegenerate symmetric forms 
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riven by 



8[ab][cd] — —^a[c^d]b ~ ^ab^cd , 

s iab][cd] = (6 HM )* = -Q^n d ] b - -n ab n cd , 



■ [ab} 
[cd] 



d [c d d] ~ 4"^ 



™6 
->cd 



QcdQ ab 



S (ab K cd) = ( 5{ab){cd) y = -n a ^ b , 

$(ab)(cd) = —^a(c^d)b , 



x( ab ) 
°(cd) 



(c d) 



Note that 8^ ab ^ is the inverse of 8[ ab ][ cd ], i.e. 

d[ab][cd]t 

and the same is true for 5( a6 )( cd ) and (5( a b)(cd) ■ Furthermore we have 



(ac)(bd) 



5 
_( 

4" 
2" 



°[ac] ~ 4 °a , 



5 (bc) 
V) 



2 a ' 



5, 



■[ab] 
[ab] 

(ab) 
(ab) 



5, 



10 



(B.l) 



(B.2) 



(B.3) 



We use the index pairs (ab) and [ab] as composite indices for the 5 and 10 representa- 
tion; they are raised and lowered using the above metrics and when having several of 
them we use the usual bracket notation for symmetrization and anti-symmetrization. 

The following tensors represent some projections onto the irreducible components 
of particular USp(4) representations: 



T(ab)(cd)(ef) = ^(e(a^b)(c^d)f) , 
T(ab)[cd][ef] = ^(a[c^d][e^f]b) , 



[(10®10) 

asymm. 

[(5® 5) 



/asymm. 



T[ab](cd)(ef) = ^[a(A)(e^/)6] ~ -^ab^(cd)(ef) , [(10 <g> 10) symm . 



T(ab)lcd][ef][gh] 

where 



r (ab)[[cd][ef][gh}] 



[(5(g) 5(g) 5) 



asymm 



^10] , 
10] , 

10] 



(B.4) 



T(ab)[cd][ef][gh] = ^(a[c^d] [e^f] [g^h]b) + ^ T( ab ) [cd] [ e/ ] Q gh 



(B.5) 
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The contractions of these r-tensors with f2 yield 



tt df T (a b)(cd)(ef) = 


3 A 

--0(ab)(ce) , 






^ T(ab)[cd][ef] = 


K 

-Z°{ab){ce) , 

L 


^ M T(ab)[cd][ef] = 


-$[ac][ef] , 


^T[ab](cd)(ef) = 


--^[ab\[ce\ , 


^ bd T[ab](cd)(ef) = 




Sl }h T(ab)[cd}[ef}[gh] = 


1 

2 T M(a6)(e/) , 


^ bd T(ab)[cd][ef][gh] = 


3 

-^r {ac)[ef][gh] 


VL dg VL fh T {ab)[cd][ef][gh] = 









Note that T( a b)(cd)(ef) is totally antisymmetric in the three index pairs. Since the 10 
is the adjoint representation, the structure constants of USp(4) are TubMcd) ■ The 
USp(4) generators in the 5 representation are r^icd]^ and satisfy the algebra 

T{ab)[ef] [gh] r { cd)[gh] [l:i] ~ T {cd )[ ef] [9h \ ab)[gh] [%3] = T (ab)(cd) {gk) T (gh)[ef] [v] . (B.7) 

As defined above, T(ab)[cd\[ef\ describes the mapping (5 ® 5) asymm . i— > 10. However since 
(5 ® 5) asymm . = 10 this must be a bijection. Indeed one finds 

X {ab) = V2 T (ab) [cd][ef] X [cd][ef] = Q cd X [ac][bd] ^ X[cd][ef] = V2 r {ab) [cd][ef] x (ab) , (B.8) 

for tensors X( ab ) and X[ ac ][ bd ] = -X[ bd ][ ac ]. When regarding (5 ® 5) asymm . as the adjoint 
representation of SO (5), formula (jB.8|) describes the isomorphism between the algebras 
of USp(4) and SO(5). Some other useful relations in this context are 

T(ab)[cd\[ef\ ^ [gh][ij] = ^[cd] [[gh]8[ij]] [ef] , ^ M 5 [ef] = T { ac)[ef] W • (B.9) 

The last equation states that under the bijection (jB.8|) the generators of the SO (5) 
vector representation 6 yield T^[ cd ^ e ^. 

Also the five-dimensional e-tensor can be expressed in terms of Q ab . A useful relation 

is 

e [a6]M[e/][ ff h][y] a . M[ey]J/bh][y] = 4T^ cd ^x {cd) y {ef) , (B.10) 

where x and y in the (5 ® 5) asymm . = 10 representation are related by (jB.8J) . 

There is no singlet in the product of three SO (5) vectors and thus no invariant 
tensor of the form T[ab\[cd\[ef\- This gives rise to the identity 

= d^Q^eS^ - traces 

= + ^VlcdUef] + 1^5^ + + ■ (B.ll) 

6 When denoting SO (5) vector indices by M_, N_, . . . , the SO (5) generators in the vector represen- 
tation are given by t M N,p— = S p[m S n] " 
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Using this equation one finds 

W d \ c[am = -^fW cdl[e/] A M /x [e/ ] , n cd X [ac] X [bd] = ^ a6 ?7 M[e/1 A M A [e/] , (B.12) 
for tensors X[ a b], A*[ a 6] i n the 5 representation. 

C T-tensor and quadratic constraints 

In terms of the tensors (|B.4|) defined in the previous section the decomposition of the 
T-tensor into its USp(4) irreducible components can be stated in the systematic form 

= -BT (ab)M M - B^ h \ cd] r {ab)[gh] W + C^T {ab)[gh][cd] W + C^\ gh) T [cd](ab) ^ , 

(C.l) 

from which 1)4.21)1 is recovered with the explicit definitions of (JB.4)) . Similarly, the 
variation of the scalar potential under 5s Vm * = ^ ab cd VM cd takes the more concise 
form 

O'ev — n [cd]-D [ef]£-> [ah] + 32 ' ' ' ' 64 H [ ab l 

, ^Waft] n Jef)y[cd] , ^_ T (ab) (cd) n [gh] n [ef}(cd) y [ij)[kl] (n O) 

16 IT [ e /]fe] r MM H) ^ ' 

from which ()5.19)) is deduced. 

The quadratic constraint ()2.1Uj) on the components Ymn and Z MN,P of the em- 
bedding tensor translates under the USp(4) split into quadratic constraints on the 
components B, B ab cd , C ab and C ab cd of the T-tensor. These constraints prove essential 
when checking the algebra of the supersymmetry transformation ()5.9)) and the invari- 
ance of the Lagrangian ()5.16|) under these transformations. According to ()2.13)) the 
quadratic constraint on 9 decomposes into a 5, a 45 and a 70 under SL(5) which 
under USp(4) branch as 

5^5, 45 ^ 10 35, 70 ^ 5© 30 ©35, (C.3) 

In closed form, these constraints have been given in 1)4.27)1 . The check of supersymmetry 
of the Lagrangian however needs the explicit expansion of these equations in terms of 
B and C. The two 5 parts and the 10 part read 

4jBC7 H _ B H H CH - AB^\ cd p cd \ gh) T^ ab \ ij] = , 
BB M + B H H cH + r HHM C W M ^ ](e/) = o , 

r [cd] ^^B^ d \ ef] C^\ gh) = 0, (C.4) 
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respectively. In particular, a proper linear combination of the first two equations yields 
the quadratic relation ()5.I7|) cited in the main text. The two 35 parts of the quadratic 
constraint are 

T (cd) nLj [ef] + (cd) + r (cd) -D [e/]^[g/i] + -° [e/] (g/i) — u ) 

V S5 (BCW {cd) - 4r( e *"]W TM[ .. ][H]C M (e/) B[ H ] H 

-Sr^/^C^C^) + ^^^(^W^^CW^) = , (C.5) 
where the projector P 35 is defined by 

P« (X [ab] , *\ - ( S [ab] S (9h) - T, J°QM T (9h) _ 1 [ah] J 9 h)(ij)\ X [ef] 

(cd)) — \°[ef] (cd) T (cd) T [ef\[i]] ^ T (cd)(i])^[ef] J ^ (gh) ■ 

(C.6) 

Note that also the first equation of (|C.5J) has to be projected with P 35 in order to 
reduce it to a single irreducible part. However this equation is satisfied also without the 
projection, since it contains the above 10 and one of the 5 constraints as well. 7 Finally 
the 30 component of the quadratic constraint is obtained by completely symmetrizing 
()4.27|) in the three free index pairs, i.e. 

Z (gh)([ab] T ^lcd][ef]) = q _ ( C _ 7 ) 
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